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ABSTRACT: The timelike supersymmetric solutions of N' = 2, D = 4 gauged supergravity
coupled to an arbitrary number of abelian vector multiplets are classified using spinorial
geometry techniques. We show that the generalized holonomy group for vacua preserving
N supersymmetries is GL(%,C) x%(:% C GL(8,R), where N = 0,2,4,6,8. The
spacetime turns out to be a fibration over a three-dimensional base manifold with U(1)
holonomy and nontrivial torsion. Our results can be used to construct new supersymmetric
AdS black holes with nontrivial scalar fields turned on.
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1. Introduction

Supersymmetric solutions to supergravity theories have played, and continue to play, an
important role in string- and M-theory developments. This makes it desirable to obtain
a complete classification of BPS solutions to various supergravities in diverse dimensions.
Progress in this direction has been made in the last years using the mathematical concept
of G-structures [l. The basic strategy is to assume the existence of at least one Killing
spinor € obeying D,,e = 0, and to construct differential forms as bilinears from this spinor.
These forms, which define a preferred G-structure, obey several algebraic and differential
equations that can be used to deduce the metric and the other bosonic supergravity fields.
Using this framework, a number of complete classifications [} -[] and many partial results
(see e.g. [f—[[7 for an incomplete list) have been obtained. By complete we mean that the
most general solutions for all possible fractions of supersymmetry have been obtained, while
for partial classifications this is only available for some fractions. Note that the complete
classifications mentioned above involve theories with eight supercharges and holonomy
H = SL(2,H) of the supercurvature R, = D|,D,, and allow for either half- or maximally
supersymmetric solutions.



An approach which exploits the linearity of the Killing spinors has been proposed [[(§]
under the name of spinorial geometry. Its basic ingredients are an explicit oscillator basis
for the spinors in terms of forms and the use of the gauge symmetry to transform them
to a preferred representative of their orbit. In this way one can construct a linear system
for the background fields from any (set of) Killing spinor(s) [[9]. This method has proven
fruitful in e.g. the challenging case of IIB supergravity [20—-R9]. In addition, it has been
adjusted to impose 'near-maximal’ supersymmetry and thus has been used to rule out
certain large fractions of supersymmetry [23-R7]. Finally, a complete classification for type
I supergravity in ten dimensions has been obtained in [R§], and all half-supersymmetric
backgrounds of N = 2, D = 5 gauged supergravity coupled to abelian vector multiplets
were determined in [29, BQ].

In the present paper we would like to address the classification of supersymmetric
solutions in four-dimensional N' = 2 matter-coupled U(1)-gauged supergravity, generalizing
thus the simpler cases of N = 1, considered recently in [B1], B3], and minimal ' = 2, where
a full classification is available both in the ungauged [BJ] and gauged theories [B4]. We shall
thereby focus on the class where the Killing vector constructed from the Killing spinor is
timelike, deferring the lightlike case to a forthcoming publication. Moreover, only coupling
to abelian vector multiplets and gauging of a U(1) subgroup of the SU(2) R-symmetry will
be considered, while the inclusion of hypermultiplets and nonabelian vectors, as well as a
general gauging, are left for future work [Bg].

The outline of this paper is as follows. In section fl, we briefly review N' = 2 su-
pergravity in four dimensions and its matter couplings. In B.1] we discuss the orbits of
Killing spinors and analyze the holonomy of the supercovariant connection. In section
we determine the conditions coming from a single timelike Killing spinor, and obtain all
supersymmetric solutions in this class. Finally, in section ] we present our conclusions and
outlook. Appendices [f] and [ contain our notation and conventions for spinors, while in
appendix [ we show that the Killing spinor equations, together with the Maxwell equations
and the Bianchi identities, imply the equations of motion in the timelike case. Finally, in
appendix [ we discuss the reduced holonomy of the three-dimensional manifold over which
the spacetime is fibered.

2. Matter-coupled N’ = 2, D = 4 gauged supergravity

In this section we shall give a short summary of the main ingredients of N' = 2, D = 4
gauged supergravity coupled to vector- and hypermultiplets [Bf]. Throughout this paper,

we will use the notations and conventions of [B7], to which we refer for more details.

a
i

includes nyg hypermultiplets and ny vector multiplets enumerated by I = 0,...,ny. The

Apart from the vierbein e and the chiral gravitinos 1/),2, 1 = 1,2, the field content

latter contain the graviphoton and have fundamental vectors A{H with field strengths
Fl, =0,A, —0,AL + gAF A fric” .

The fermions of the vector multiplets are denoted as A* and the complex scalars as z®
where o = 1,...,ny. These scalars parametrize a special Kahler manifold, i. e., an ny-



dimensional Hodge-Kéhler manifold that is the base of a symplectic bundle, with the
covariantly holomorphic sections

X! 1
V = s de == 8@]} - _(a&,C)V = 07 (21)
Fy 2

where K is the Kihler potential and D denotes the Kihler-covariant derivative.! V obeys
the symplectic constraint
VYV =X'"F-FX'=i. (2.2)

To solve this condition, one defines
Y = MEA/2 () (2.3)

where v(z) is a holomorphic symplectic vector,

[ Z'(»
v(z) = <%F(Z)) . (2.4)

F is a homogeneous function of degree two, called the prepotential, whose existence is
assumed to obtain the last expression. This is not restrictive because it can be shown that
it is always possible to go in a gauge where the prepotential exists via a local symplectic
transformation [B7, B§.> The Kihler potential is then

e K2 = _iy v). (2.5)

The matrix N7; determining the coupling between the scalars z® and the vectors Aﬁ is
defined by the relations

Fr =N X', DyF; = NpjDa X . (2.6)
Given .
Uy =DV =0,V + 5(8QIC)V, (2.7)
the following differential constraints hold:
D, Ug = Cagfyg'ySUg,
DBUQ = gaﬁ_V7
(Ua, V) =0. (2.8)

Here, Cyp, is a completely symmetric tensor which determines also the curvature of the
special Kéhler manifold.

'For a generic field ¢* that transforms under a Kéhler transformation K(z,2) — K(z,2) + A(2) + A(2)
as ¢% — e~ PATIN/209 e has Dad® = 9ad® + 8 d” + g(aalC)qbﬁ. Dg is defined in the same way. X’
transforms as X7 — e~ ~8/2XT and thus has Kéhler weights (p,q) = (1,-1).

2This need not be true for gauged supergravity, where symplectic covariance is broken [E] However,
in our analysis we do not really use that the F; can be obtained from a prepotential, so our conclusions
go through also without assuming that Fr = 8F(X)/0X" for some F(X). We would like to thank Patrick
Meessen for discussions on this point.



We now come to the hypermultiplets. These contain scalars ¢ and spinors ¢4, where
X =1,....,4ng and A = 1,...,2ny. The 4ny hyperscalars parametrize a quaternionic
Kahler manifold, with vielbein f)i{‘ and inverse fz‘)1(4 (i. e. the tangent space is labelled by
indices (7A4)). From these one can construct the three complex structures

Tx¥ = —ifida, (2.9)

with the Pauli matrices &7 (cf. appendix []). Furthermore, one defines SU(2) connections
Wx by requiring the covariant constancy of the complex structures:

0=DxJy? =0xJy? —TWxvJy? + T2 xwJy WV +28x x Jy 2, (2.10)

where the Levi-Civita connection of the metric gxy is used. The curvature of this SU(2)
connection is related to the complex structure by

_, 1 -
ny528[xtﬁy]—|—2(ﬁx Xﬁy:—§H2jxy. (2.11)

Depending on whether £ = 0 or k¥ # 0 the manifold is hyper-Kéhler or quaternionic Kéhler
respectively. In what follows, we take k = 1.
The bosonic action of N'= 2, D = 4 supergravity is

_ 1 1 1 _
e WLpos = 167TGR + Z(ImJ\/)UF,;{,,FJW - g(ReJ\/)U e PR FY
;1
—gaBDuzo‘D”Zﬁ — §ngDHqXD“qY -V,
1w 3
—%CI,JKe Lervrr AL AT (apAff — SofurALAY > , (2.12)

where C7 s are real coefficients, symmetric in the last two indices, with Z Iz zK Crix =
0, and the covariant derivatives acting on the scalars read

D,z% = 02" + gAik?(z) , Duq™ = 0.~ + gAﬁkf{ . (2.13)

Here k% (2) and k3 are Killing vectors of the special Kéhler and quaternionic Kiithler man-
ifolds respectively. The potential V' in (R.13) is the sum of three distinct contributions:

V=g (Vi +Va+13),
Vi = gaﬁ-k‘?k‘g_ PAVAVAN
Vo = 2g9xv kX kY ez Z7
Vs = a4U -3 212V Py - Py, (2.14)
with ) 1
Ul = g*P D, 2Dy = —§(Im/\/)_1|” I AA (2.15)

and the triple moment maps P (¢). The latter have to satisfy the equivariance condition

Lo 1o .
Pr x Py + §nykf{k‘}/ — f1/5 Pk =0, (2.16)



which is implied by the algebra of symmetries. The metric for the vectors is given by

_ NiwNygzZNZE
Nij(z,2) = Fry+i %L]\;’;ZM . Ny=2ImFEyy, (2.17)

where F;j = 0;0;F, and I’ denotes the prepotential.

Finally, the supersymmetry transformations of the fermions to bosons are

, . y 1 y
oy, = Dy(w)e' — gl'pSYe; + Zl““bFa_ble”Fuej(Im/\/)IJZJeK/2 , (2.18)
D,(w)e = <8u + wajbfab> €+ %AueZ +0uq wx il + gAﬁP[jZG‘] , (2.19)

IS = —%e’c/zgaﬁ_Dﬁ-ZI(Im/\/)IJF;;JF“”eijej + 17D, 2% + gNZ-‘j-ej ,
5h = LTI D e+ gN el
where we defined
S = _piikiagl
N = <72 [eijk?zf — 2P D52 gO‘B] . N = fiARX K2 7T
In (B.19), A, is the gauge field of the Kihler U(1),
A, = —%(aaica“za — 0:K0,2%) — gAiPIO , (2.20)

with the moment map function

PY = (TV,V), (2.21)

_(—fu" 0 X7
Ty = <CI,KJ fIKJ> (FJ> ' (2.22)

The major part of this paper will deal with the case of vector multiplets only, i. e., ng = 0.
Then there are still two possible solutions of (B.16) for the moment maps ]31, which are
called SU(2) and U(1) Fayet-Iliopoulos (FI) terms respectively [B7]. Here we are interested
in the latter. In this case

and

Pr=ég, (2.23)

where €'is an arbitrary vector in SU(2) space and &; are constants for the I corresponding to
U(1) factors in the gauge group. If, moreover, we assume fr A =0 (abelian gauge group),
and k¢ = 0 (no gauging of special Kéhler isometries), then only the V3 part survives in the
scalar potential (2.14)), and one can also choose Cr,7x = 0. Note that this case corresponds
to a gauging of a U(1) subgroup of the SU(2) R-symmetry, with gauge field & IAfL.



3. G-invariant Killing spinors in 4D

3.1 Orbits of spinors under the gauge group

A Killing spinor® can be viewed as an SU(2) doublet (¢!, ¢2), where an upper index means
that a spinor has positive chirality. €’ is related to the negative chirality spinor ¢; by charge
conjugation, eic = €', with

& =ToC ter. (3.1)

Here C'is the charge conjugation matrix defined in appendix [J. As ! has positive chirality,
we can write e! = ¢l + dejs for some complex functions ¢, d. Notice that ¢l + dejs is in the
same orbit as 1 under Spin(3,1), which can be seen from

18 e¥T12 0013 ohloz 1 — (i0+7) ch o5 4) 1 4 OVl gingp ey .

This means that we can set ¢ = 1, d = 0 without loss of generality. In order to determine
the stability subgroup of €', one has to solve the infinitesimal equation

Tyl =0, (3.2)

which implies a? = a3 =0, o't = —a!?, o

= 3. The stability subgroup of 1 is thus
generated by

X =Tg — T2, Y =To3+1s3. (33)

One easily verifies that X2 = Y2 = XY = 0, and thus exp(uX +vY) = 1+ uX + Y, so
that X,Y generate R2.

Having fixed €! = 1, also ¢ is determined by ¢; = €'¢ = e;. A negative chirality
spinor independent of €' is e, which can be written as a linear combination of odd forms,
€9 = ae1 + beg, where a and b are again complex valued functions. We can now act with
the stability subgroup of €' to bring es to a special form:

(14 puX +vY)(aer + bez) = bea + [a — 2b(p + iv)]e; .

In the case b = 0 this spinor is invariant, so the representative is ¢! = 1, eo = ae; (so
that €2 = al), with isotropy group R2. If b # 0, one can bring the spinor to the form bey
(which implies €2 = —beys), with isotropy group I. The representatives* together with the
stability subgroups are summarized in table . Given a Killing spinor €, one can construct
the bilinear

Va= A(Ei, Ta€), (3.4)

with the Majorana inner product A defined in (B.4), and the sum over i is understood.
For €3 = aey, Vy is lightlike, whereas for e; = bes it is timelike, see table [ The existence
of a globally defined Killing spinor ¢, with isotropy group G € Spin(3,1), gives rise to a

30ur conventions for spinors and their description in terms of forms can be found in appendix E

4Note the difference in form compared to the Killing spinors of the corresponding theories in five and six
dimensions: in six dimensions these can be chosen constant [E] while in five dimensions they are constant
up to an overall function [E] In four dimensions such a choice is generically not possible.



(e',e2) | G C Spin(3,1) | G C Spin(3,1) x U(1) | VaEA = A(€',T 4¢;) EA
(1,0) R? U(1) x R? —V2E~

(1,aeq) R? R? (a €R) —V2(1+a?)E-
(1,be) I u(1) V2(BPEt — E7)

Table 1: The representatives (¢!, €2) of the orbits of Weyl spinors and their stability subgroups G
under the gauge groups Spin(3,1) and Spin(3,1) x U(1) in the ungauged and U(1)-gauged theories,
respectively. The number of orbits is the same in both theories, the only difference lies in the
stability subgroups and the fact that a is real in the gauged theory. In the last column we give the
vectors constructed from the spinors.

G-structure. This means that we have an R2-structure in the null case and an identity
structure in the timelike case.

In U(1) gauged supergravity, the local Spin(3,1) invariance is actually enhanced to
Spin(3,1) x U(1). For U(1) Fayet-Iliopoulos terms, the moment maps satisfy (-23), where
we can choose e = ¢35 without loss of generality. Then, under a gauge transformation

I I I
A, — A+ Ouar (3.5)
the Killing spinor €’ transforms as
el — emigtral 1 , 2 — ¢iotral 2 , (3.6)

which can be easily seen from the supercovariant derivative (cf. eq. (2.19)). Note that ¢!
and €2 have opposite charges under the U(1). In order to obtain the stability subgroup,
one determines the Lorentz transformations that leave the spinors €' and €? invariant up to
a arbitrary phase factors e’ and e~ respectively, which can then be gauged away using
the additional U(1) symmetry. If e = 0, one gets in this way an isotropy group generated
by X,Y and I'i3 obeying

T3, X] = -2Y, IT3,Y] =2X, [X,Y]=0,

i. e. G = U(1) x R2. For ey = aey with a # 0, the stability subgroup R? is not enhanced,
whereas the T of the representative (¢!, e3) = (1,bez) is promoted to U(1) generated by
I3 = il'se. The Lorentz transformation matrix a4p corresponding to A = exp(it)I'sq) €
U(1), with ATgA~! = agI' 4, has nonvanishing components

ay_=a_y =1, Gos = 2V Use = €21 (3.7)

Finally, notice that in U(1) gauged supergravity one can choose the function a in €2 = ae;
real and positive: Write a = Rexp(2i0), use

3] = ei51, e5F13a61 = e‘iéael = eMRel ,

and gauge away the phase factor exp(id) using the electromagnetic U(1).



Note that in the gauged theory the presence of G-invariant Killing spinors will in
general not lead to a G-structure on the manifold but to stronger conditions. The structure
group is in fact reduced to the intersection of G with Spin(3,1), and hence is equal to the
stability subgroup in the ungauged theory.

The representatives, stability subgroups and vectors constructed from the Killing
spinors are summarized in table [[] both for the ungauged and the U(1)-gauged cases.

3.2 Generalized holonomy
The variation of the chiral gravitini under supersymmetry transformations is given
by (B.1§). This can be rewritten in terms of Majorana spinors v, = Q,Z)L+¢w and €& = €' +¢;,
where 1);, and ¢; denote the charge conjugate of ¢L and €’ respectively. One has then
L 1 .4 . . o
51/1:7 = ’DMGL = <8M + szbl“d,) et + %AMFE,GL + anX [Re joz + iFg,IIIl joZ] el
19}, [RePyj +iTsImPy ;'] -+ 9T,/ [Re (PP 27) ~ilstm (P 2" ) |
1 g .
+T [Re (F~127) +ilsIm (F~127)] T, (Im V) 2. (3.8)

From this it is evident that the holonomy of the supercovariant derivative ZA?H is contained
in GL(8,R), so that in principle one can have vacua that preserve any number N of su-
persymmetries with N = 0,1,...8. In the case without hypermultiplets, and for U(1) FI
terms with P; = & &r and e = 63, it is instructive to rewrite everything using complex
(Dirac) spinors 1), = %1; + 1Pop, € = €' + €2.° This yields

1 i , .
Sy = <0u + ngbrab> e+ S Aulse + ig€rAle + gL & [ImX' 4 iTsReX ] €

+20- [Im (F~1x7) = iTsRe (F~7X7)] (ImA) 1T e (3.9)

as well as (introducing A\* = A$ + \¢©)
SAY = %e’c/2(ImN)1JF- [Im (F‘JDBZIQO‘B) — iTsRe (F—JDBngaﬁﬂ e
+I'"0,, [Rez™ — il'sImz“] e + 2ge’/2¢; [Im (DBZIgaB> —il'sRe (DBZIgaBﬂ €.
We see that in this case the complex conjugate spinor e¢* does not appear in the
variation of the fermions, so that the supercovariant derivative has smaller holonomy
GL(4,C) C GL(8,R), and the number of preserved supercharges is necessarily even,
N = 0,2,4,6,8. The generalized holonomy group for vacua preserving N supersymme-
-N

tries is then GL(%, C) K%CST, like in minimal gauged supergravity B9, B4. To see

this, assume that there exists a Killing spinor €.% By a local GL(4,C) transformation, ¢;
can be brought to the form e; = (1,0,0,0)7. This is annihilated by matrices of the form

0aT

5Note that one can reconstuct 1/)‘1L and 2, from 1, by projecting on the two chiralities.

5The index of €1 here should not be confused with an SU(2) index for chiral spinors.



that generate the affine group A(3,C) = GL(3,C) x C3. Now impose a second Killing
spinor e = (€3, ¢5)7. Acting with the stability subgroup of ¢; yields

0., 1T
etey = (62 t‘b Ez) , where b7 =a’A7! (eA — 1) .

€€y

We can choose A € gl(3,C) such that e?e, = (1,0,0)7, and b such that €4 b’y = 0. This
means that the stability subgroup of €; can be used to bring € to the form e; = (0, 1,0,0).
The subgroup of A(3,C) that stabilizes also ez consists of the matrices

10 by b3
01 B2 B3
0 0 Boy Bog
0 0 B3y Bss

€ GL(2,C) x 2C2.

Finally, imposing a third Killing spinor yields GL(1, C) x 3C as maximal generalized holon-
omy group, which is however not realized in N’ = 2, D = 4 minimal gauged supergrav-
ity [0, B5).” It would be interesting to see whether genuine preons (i.e., 3/4 supersymmetric
backgrounds that are not locally AdS) exist in matter-coupled supergravity.

4. Timelike representative (€', e2) = (1, bes)

In this section we will analyze the conditions coming from a single timelike Killing spinor,
and determine all supersymmetric solutions in this class. We shall first keep things general,
i. e., including hypermultiplets and a general gauging, and write down the linear system
following from the Killing spinor equations. This system will then be solved for the case
of U(1) Fayet-Iliopoulos terms and without hypers, while the solution in the general case
will be left for a future publication [B].

4.1 Conditions from the Killing spinor equations

From the vanishing of the hyperini variation one obtains

i ib
7 HDug™ + ﬁfQZD—qX —gN* =0, (4.1)
) " )
—é DLt + %f;‘?zDSQX —gb N =0, (4.2)

whereas the gaugino variation yields

Ee’C/anBDBZI(ImN)IJ(F_J'; — F7/7) - V2D, 2% — gbN{, = 0, (4.3)
26e"/2 g2 D5 21 (ImN) 1 F 7+ 4+ V2D, 2% + gNfy = 0, (4.4)
K2 gD Z (I N 1y (F~7H~ — F~7*%) 4 0V/2D_2% + gNgi = 0, (4.5)

73/ 4 supersymmetric solutions of minimal gauged supergravity are necessarily quotients of AdS4, which
have been constructed in @]



—2e82g9P D Z (Im N 1 F 7% + 0vV/2D52® — gbNgy = 0. (4.6)

Finally, from the gravitini we get

1 _ os 7
g(wi —w+)+§A++8+quXll+gAiP111
—V2gbS*? + i(F—”— — F1*ImN) 1, 27e8? = 0, (4.7)

V2
—wi® = b0pq wx o' — gbAL Prat — V2bF I (ImN) 1, 27X = 0, (4.8)
—bwl®+0,q%wx1? + gALPri? — V2gbS*? =0,

S

Lo, b

—0.b— §(wf —wi ) — §A+ - l_)@+quX22 — gl_)AiPlgz =0, (4.10)
%(u}f— — W)+ %A_ +0_q¢ wx1' +gAL Pt =0, (411)
—w=® —bO_q wx ot — bgAl Prot + /295" =0, (4.12)

—0_b— g(wf —wr ™) — %A_ — bO_q wx 22 — bgAl Pro?
+1/2¢5%* + %(F‘I" — F )Y (Im N ;274 = 0, (4.13)

—bw'® + a_quXl2 + gAI_P112 + \/§F_1+;(ImN)]JZJ€’C/2 =0, (4.14)

%(wj'_ —w®) + %A. + 0eqXwx 1! + gALP Y + V2oF T (Im N ;27?2 = 0, (4.15)
—w7® — bOeq N wx ot — bg Al Prot — \/2gbS1?

+%(F—f" — F Y (ImN) 27 e5? = 0, (4.16)

—bwl® + 0uq¥wx 1+ gALP % =0, (4.17)

—0b — g(w:i —wi ) - %A. — bOaqXwxo? — gbALP;o? —\/2gbS*? = 0, (4.18)

“(wi™ —wi) + %A; + OsqXwx 1t 4+ gALP — V2¢SM =0, (4.19)
—wy® — bOsq wx ot —bgALPt =0

—Bw?; + 8GQXWX12 + gA£P1 12 — \/59521

—%(F‘”‘ — F I ImN) 27 % = 0, (4.21)
T B [0 +— ZB b X 2
_a;b - 5((&); - w; ) - EA; - ba;q wx?2

—bgALPo? + V2F I (ImN) 1,27 = 0. (4.22)
4.2 Geometry of spacetime

In order to obtain the spacetime geometry, we consider the spinor bilinears
V)= A(e", T yej) (4.23)
where the Majorana inner product A is defined in (B.4). The nonvanishing components are

Vii=—v2, V2, =V20h, VL, =vV2h, VA =vV2h. o (4.24)

— 10 —



Note that Vui = v/ Z-*, so that we can expand into a basis of hermitian matrices,

o
i Lo G o =i
This yields for the trace part
V,dat = V2(bPET — E7), (4.26)

while the nonzero components of ‘7“ read

b b ib ib bb 1
Vie—, Vl=— W=, Vi= Vi=-2, Vie——.
V2 V2 V2 Vel T V2 V2
Using the identities
inj* _ _joi, P”j* _ _Plji’ S — sz',

it is straightforward to shew that the linear system ([.7) - (.22) implies the following
constraints on the spin connection:

wi™ = 1 In(bb) = O_(bb), wi==0, —bbw* +w * —wi =0,
bbwd ™ — 8u(bb) —wi® +bbwl® =0, —bbwl* +w,* =0,
—bb(wF® + W) twit +wy®=0. (4.27)

These are ten real equations, which are easily shown to be equivalent to
OaVE + 08Va —w g aVe — w45V =0, (4.28)

which means that V is Killing. Note that V2 = —4bb, so V is timelike. Moreover, one
verifies that the system ([.7]) - ({:29) yields the relations

AV + VA AVE =T (4.29)
with the gauged SU(2) connection
A, = 20,¢%Gx + 29AL Py, (4.30)

where we switched from SU(2) indices to vector quantities using the conventions of
appendix [Al The torsion tensor® 7% can be written as

T* = —"W*BY AV (4.31)

with the one-form BY given by

11 .
Bl = —2y3gTm(bs?), Bl =-2v3Tm (ST) - Bi= 2R,

11
B3 = -2V2gRe(bS??), B? =2v2gRe <ST> ,  Bl=-—iB,,

B3 j -
B} = 2V2gIm(bs™), B = -2, B3 = @(bs22 —BSMy. (4.32)

8The reason for choosing this name will be explained in appendix E
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Notice that we are free to include the torsion term in the SU(2) connection, by
rewriting (4.29) as
av® + e"*(AY + BY) AN VF =0, (4.33)

so that the forms V7 are actually SU(2)-covariantly closed, similar to the ungauged
case [[g]. If we define
A= A +iA2

and similar for B, eqs. (.9), ([E.12), (E.17) and (f20) can be cast into the form

bwtt = (AL + BD), Wt = DAz + BD),
wrt = DA+ BD), boit = L (AT 4B, (430

These equations relate the SU(2) to the spin connection, and tell us how the former is
embedded into the latter. Such an embedding is necessary for unbroken supersymmetry;
it leads to a (partial) cancellation of the SU(2) and spin connections in the gravitino
supersymmetry transformation, and generalizes the mechanism of [, fid].

Let us now choose coordinates (¢,z', 22, z3) such that V = 9;. The metric will then
be independent of ¢. Note that 9, = v/2 (|b|20_ — ;). Making use of

wxi"'=Pri"=0,

eqs. (1), (E10), (EIT) and [@EI3) give

8t Inb = ZAt s (435)
whose real part implies that |b| is time-independent. In terms of the vierbein Ef} the metric
is given by

ds* =2ETE~ + 2E°E®, (4.36)
where
3 3 1 12 1_ /2
E+:V”_2V“ __ Vut2vg o ViV, E‘:V“_Z,V“.
N NG N Y S ;T

From V2 = —4/b|? and V = 0; as a vector we get V; = —4|b|?, so that V = —4[b|?(dt + o)
as a one-form, with oy = 0. Furthermore, V* = 0 yields £ = 0 and thus V,! = V;2 = 0.
Since V and V? are orthogonal, V“Vi’ = 0, also V;? vanishes, and hence V;* = 0. The
metric ([.36) becomes thus

d82 — —4|b|2(dt + 0)2 + |b|_25xnyVy- (4.37)

In order to proceed one would like to choose the gauge A} + Bf = 0, which reduces to the
choice made in [Lg] for g — 0. Then the SU(2)-covariant closure of the V% (eq. ({.33)) states
that the SU(2) connection A+ B and the V* are time-independent. Eq. (1.33) can then be
interpreted as Cartan’s first structure equation on the three-dimensional base space. One
therefore has to show that the above gauge is always possible. Let us at this point restrict
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to the case without hypers and no gauging of special Kéhler isometries (k¢ = 0). The
inclusion of hypermultiplets will be studied in a forthcoming publication [BY]. This leaves
two possible solutions for the moment maps [B7], namely SU(2) or U(1) Fayet-Iliopoulos
(FI) terms. We shall consider here the latter, which satisfy (R.23), where e* = §% without
loss of generality.” One has then

Pt =P =gy, P2 =Pt =0,
S12 = 82 — ez eM2 S =522, (4.38)
as well as
Al =A2 =0, A =29Al¢;. (4.39)

From (f.33) one obtains dV? = 0, like in minimal gauged supergravity [[l, B4]. If we
choose the gauge A? + B} = 0, the one-forms V* will be time-independent. Note that
the U(1) gauge transformation (B.§) necessary to achieve this does not spoil our choice
of representatives: As discussed in section B.1], the phase factors acquired by the Killing
spinors €' (eq. (B.4)) can be eliminated by a subsequent Spin(3,1) transformation. The
above gauge condition implies

Aler = —41m(bS"?), (4.40)

and is left invariant by transformations (B.5) with time-independent ¢;af. As the SU(2)
connection A + B and the V* do not depend on ¢, one can regard ([.33) as Cartan’s first
structure equation on the three-dimensional base manifold with metric d,,V*VY.

Next we consider the equations coming from the gaugino variation. Using

N{ =Ng =0, N =Ng = 2i&e?D521°7
and D,z = 9,2%, egs. ([L3) and ([L.F) yield
Z?tzo‘ = O,

i. e., the scalar fields are time-independent. Choosing the constants Cr jx = 0 and taking
into account that the structure constants fr ;% vanish also, eqs. (£:21) and (£:23) imply for
the moment map function P? = 0. But then from (2.2() one has for the Kihler U(1)

A = —%(OQIC&ZO‘ — 9.K8,7%) = 0.

Plugging this into ([.39) gives d;b = 0, hence b is time-independent as well.

Notice that the system ({.7) - (.22) allows to express the linear combinations A’¢;
and F~1 (ImN) 1,2 7 of the gauge potentials and fluxes in terms of the spin connection,
the Kihler U(1), the linear combination of scalars Z/¢; and the function b,

, 1 .. i 1. . b , 1 . i
ZgAié.] = 5&)_1_ + §A+ — 584. In z N ZgAI_SI = 50.)_ — §A_ s
1 B .
igALEr = S (Wi + i) - S A, (4.41)

9¢® = §5 can always be achieved by a global SU(2) rotation (which is a symmetry of the theory).
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1

b
F~ I+e ImN ZJ IC/Q Wi_., F—I—. Im/\/ ZJe’C/Q — __w—07
( )IJ \/— ( )IJ \/ib +
(F~ 1= — F1*ImN) 1, 27eM? = —/2bwi® — 2ig 1227 (4.42)
As the (ny + 1) x (ny + 1) matrix (X!, Dz X7) is invertible [B7], (E-42) together with the

gaugino equations ([l.3)-(f£f) determine uniquely the fluxes F'~! with the result'”

FI+e = gxf(a. Inb+iAs) + gDaXfﬁ.z“,
F17% = V20X (85 Inb + iAs) — V20D X102, (4.43)
. 2\f X0, b+ idy) + %D X9, 2% + 2ig €5 (Im N)~ U7 .

Moreover, antiselfduality 1mphes that
F_I+. — F—I—i — F—I+— _I_F—Ioi —0.

With (f-43), all gaugino equations are satisfied.

Furthermore, the system ([£7) - (f.29) determines almost all components of the spin
connection (with the exception of w®®) in terms of Au Z ¢}, the function b and its spacetime
derivatives,

_:(‘Lrln(Bb), wi= =0, wi™ =0,1nb +iA,,

1
wi. = wf = 0 w+' = —E(ﬁ; Inb— ’L'A;),

W= Inb—iA_ + 2\?9 LA
wi® = —bOsb — ibbAs , w *=w;*=0,
=8, Inb+iAy —2V/2gbi ;27T (4.44)
From the gauge condition (f-40) we obtain one more component, namely
wp® = V2(|b)?w®® — w3*) = —v20; In Z + 2V/2iA, — 4igér(bXT + bXT). (4.45)
The next step is to impose vanishing spacetime torsion,
OB — 0B + wipES —wisEP = 0.

One finds that most of these equations are already identically satisfied, while the remaining
ones yield (using the expressions ([.44) for the spin connection)

do + PV AV =0, (4.46)

where the (real) SU(2) vector ¢* is defined as

it = ( o lnb+A>

V2 b2b b
s 1 b k(2 Z_I>]
3= f|b|2[ O-Inz+A - V2gé&re (b + )| (4.47)

1076 get this, one has to use )
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We already noted that dV® = 0, hence there exists a function z such that V3 = dz locally.
Since V;? = 0, z must be time-independent. Let us use z as one of the coordinates x!, 2%, 23,
say z = x2. The remaining spatial coordinates will be denoted by late small latin indices
m,mn,..., i. e., 2™ = x', 22, while capital late latin indices M, N,... = 1,2 refer to the

corresponding tangent space. One can eliminate the components VM by a diffeomorphism

" = xm(azm,z),
with 9y
iy
a0y
0z

As the matrix VM is invertible,!' one can always solve for dx™/9z. Notice that the
metric ([£.37) is invariant under

t_)t—i_X(xm’Z)) O-—>O-_dX7

for an arbitrary function x(z™,z). This second gauge freedom can be used to set o, = 0.
Thus, without loss of generality, we can take o = 0,,dz™, and the metric (f.37) becomes

ds? = —4|b2(dt + opdz™)? + 0|72 (d2® + Sarn VMV | (4.48)

The solution of the Cartan structure equation (#.29) is then given by

1

N ~ 2
Vigiv: =Wl +iv?) <%> exp®, (4.49)
Wwe® = ﬂe—wlm — V3™ [~idom + O (® — In [B])] (4.50)

V2

where V,ﬂf denote integration ”constants” depending only on z™ but not on z, ij is the
corresponding inverse zweibein, ® is a complex function defined by

v I I
9,® = 2igér <XT — ‘%) —w*, (4.51)

12 i5 the spin connection following from the zweibein VM At this point it

and @ = w
is convenient to use the residual U(1) gauge freedom of a combined local Lorentz and

electromagnetic gauge transformation to eliminate w?®. This is accomplished by the trans-

formation (B.7), with '
Y= % / dzw?® .

Note that 1 is real, as it must be. Moreover, as 1 is time-independent, this does not spoil
the gauge choice (f.4(). With w?® = 0, ® is real. In what follows, we shall introduce

1

complex coordinates w = z! + 2?2, w = z' — iz?, and choose the conformal gauge for the

two-metric oy yVMVN i e,

SunVMUN = 2 dwdwm (4.52)

"This follows from /—g = 2det(V;2)/|b|>.
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where v = v(w,w). From (f.51) it is clear that ® is defined only up to an arbitrary function
of w,w. This allows to absorb v into ®, so one can take v = 0 without loss of generality.

Then the metric ([£48) simplifies to
ds® = —4|b|*(dt + 0)? + |b| 2 (d2? + e**dwdw) , (4.53)

with o = o, dw + ogdw.
Defining the symplectic vector

Z=1Im (V/b) , (4.54)
where V is given in (P.1), eq. (=46) can be cast into the form

X xt
do 42 «8(T dT) — ’6’251 <T + T) e*Pdw A div = 0. (4.55)

Here x® is the Hodge star on the three-dimensional base with dreibein V*. In the ungauged
case g = 0, ([.5) reduces correctly to the expression given in [[LF].

All that remains to be done at this point is to impose the Bianchi identities and the
Maxwell equations, which read respectively

dF' =0, dReGf =0, (4.56)

where Giﬁ = N77F*/. One finds that the Bianchi identities are equivalent to

o (XX oo, (S5 s

I gl JoxJ
—2ig€ 0, {e2CI> [|b|_2(1m/\/)_1u +2 <X7 + XT> <XT + XT>] } =0,

R 2wy (F1_Fi
4aa<b b>+az[e az<l_) b)]

n J vJ
2ige 0. { 20 {m *Re Ny (A% 1 2 <F, . &) (XT . X_>] }

while the Maxwell equations yield

b b b b

—8igére*® [<I,8ZI> |b|2§1 (XJ + X—J>] =0. (4.58)

Here we defined 9 = 8,,, d = 0. Note that imposing dF! = 0 is actually not sufficient; we
must also ensure that &;F! = £;dA!, because the linear combination &7 A’ is determined
by the Killing spinor equations (cf. eq. ({1.4])). This gives the additional condition

X X!

I v I
200® = ge*® [2518 (T—T>+29|b| 2¢r& 5 (ImN)~H 4g <§I‘;( +&‘;( >2] . (4.59)

which is slightly stronger than the contraction of ({57) with &;.12

12Contracting () with £; and using ()7 one gets the derivative of () with respect to z.
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Finally, note that the integrability condition for (f.55), namely

xr X!

2(Z,ABT) = B¢ [z’g|b|_2£1 (7 + T) e?® dw A dw] : (4.60)
where A®) denotes the Laplacian on the three-dimensional base manifold, follow from the
Bianchi identities and the Maxwell equations. One can show this by using some relations

of special Kahler geometry.
In conclusion, the functions b and ¢ together with the scalar fields are determined
by the equations ({L.51)), (.57), (1.58) and ({.59). Then, the shift vector o is obtained
from (f.5) and the metric is given by ([.53). The gauge fields can be read off from ({.43),

which can be rewritten as

Fl=2(dt+0) A dpXT+0XT|+[b|72dz A dw[XT (9b+iAgb)+ (Do X' )60z
X" (Ob—iAgb)— (DaX')b0z*] — |b| 2dz A dw [ X! (0b+iA,b)
HDo X002 — X1 (9b—iAyb) — (Da X')b0z"]
—%|b|_2e2q’dw A dw [XT(0.b+iA.0)+ (Do X' )0, 2% — X! (0,b—iA.b)
- (DaXf)Bazz@—2¢ggJ(ImN)—1W] . (4.61)

Notice that, in the timelike case, the vanishing of the supersymmetry variations, together
with the Bianchi identities and the Maxwell equations, imply all the equations of motion.
This is shown in appendix [J.

In a forthcoming paper [@] we shall consider various models (specified by a certain pre-
potential), and give explicit solutions of the above equations that represent supersymmetric
AdS black holes with nontrivial scalar fields turned on.

5. Final remarks

In this paper, we applied spinorial geometry techniques to classify all supersymmetric
solutions of N/ = 2 gauged supergravity in four dimensions coupled to abelian vector
multiplets. Our results can be used to construct new BPS black holes in AdS4 with
nonconstant scalars. Such solutions are, to the best of our knowledge, unknown up to
now, and would be important to study the attractor mechanism in AdS [4]. This will be
the subject of a future publication [iJ].

Possible extensions of our work could be to impose the existence of more than one
Killing spinor and to determine how this constrains further the geometry of supersymmetric
backgrounds, as was done in the minimal case in [B4]. It would also be interesting to see if
nontrivial preons (i.e., solutions with nearly maximal supersymmetry that are not simply
quotients of AdS) exist in matter-coupled gauged supergravity.

In refs. [@, @], the N' = 2, D = 4 theory coupled to non-abelian vector multiplets with
a gauge group that includes an SU(2) factor was considered, and various supersymmetric
solutions, such as embeddings of the 't Hooft-Polyakov monopole and extremal black holes
were obtained. These geometries are asymptotically flat, and it would be very interesting
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to find similar solutions in the asymptotically AdS case, for instance in A = 2 supergravity
where the full SU(2) R-symmetry is gauged, which can induce a negative cosmological con-
stant. There are only very few analytically known Einstein-Yang-Mills black holes, and to
dispose of more solutions would of course be helpful in probing the validity of the no-hair
conjecture. Of particular relevance in this context are black holes with AdS asymptotics,
which were recently argued to require an infinite number of parameters for their descrip-
tion [[[7). This is one of the reasons that make it desirable to systematically classify all
supersymmetric backgrounds of N’ = 2, D = 4 supergravity with general gauging. Work
in this direction is in progress [B].
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A. Conventions

We use the notations and conventions of [B7], which are briefly summarized here. More
details can be found in appendix A of [B7].

The signature is mostly plus. Late greek letters u,v, ... are curved spacetime indices,
while early latin letters a,b,... =0,...,3and A, B,... = +, —, e, @ refer to the correspond-
ing tangent space, cf. also appendix [B:

Self-dual and anti-self-dual field strengths are defined by

1 ~ - i
F;l:)I = §(Fajbj:FaIb)7 F(fb = _geabchICda (Al)

, €123 = _1. We also introduce

where €g1o3 =1
et — e eﬁeﬁe@egeab“l. (A.2)

The p-form associated to an antisymmetric tensor Tyy.opy 18

1

T= HTM___Mde“1 Ao ANdxhr (A.3)
and the exterior derivative acts as'?
1
dT = —'Tm...upﬂ,dw” ANdzFP AN dPr . (A.4)
p!

Antisymmetric tensors are often contracted with I'-matrices as in I' - F' = T F .

130ur definitions for p-forms, eq. (|A.4), and for exterior derivatives, eq. (@), are the only points where
our conventions differ from those of B7)].

— 18 —



i,7,...=1,2 are SU(2) indices, whose raising and lowering is done by complex conju-
gation. The Levi-Civita ¢/ has the property

Gijejk = —(5ik, (A5)
where in principle €7 is the complex conjugate of €;j, but we can choose € = io9, such that
ep=¢€e2=1. (A.6)

The Pauli matrices 0,7 (z = 1,2, 3) are given by

a-(10) == (0] = (0 0) (1)

They allow to switch from SU(2) indices to vector quantities using the convention
AJ =iA-G,7. (A.8)

At various places in the main text we use o-matrices with only lower or upper indices,
defined by
&ij = 632 kekj s o = (Z&Z])* . (Ag)
Notice that both &;; and &7 are symmetric.
Spinors carrying an index ¢ are chiral, e.g. for the supersymmetry parameter one has

sl =€, Ise; = —¢;, (A.10)

and the same holds for the gravitino 1/12. Note however that for some spinors, the upper in-
dex denotes negative chirality rather than positive chirality, for instance the gauginos obey

DsA® = — XY TAY = A9, (A.11)

as is also evident from the supersymmetry transformations. The charge conjugate of a
spinor x is
x¢ =ToC1x*, (A.12)

with the charge conjugation matrix C. Majorana spinors are defined by xy = x¢, and
chiral spinors obey XZ-C ="

B. Spinors and forms

In this appendix, we summarize the essential information needed to realize the spinors of
Spin(3, 1) in terms of forms. For more details, we refer to ). Let V = R3! be a real vector
space equipped with the Lorentzian inner product (-,-). Introduce an orthonormal basis
e1, €2, €3, €9, Where eg is along the time direction, and consider the subspace U spanned by
the first two basis vectors eq, ea. The space of Dirac spinors is A, = A*(U ® C), with basis
1,e1,e9,e12 = €1 A es. The gamma matrices are represented on A, as

Lon = —e2 An+ea]n, Fin=eAn+eiln,
Lon=exs An+ea]n, I'sn =ier An—iei|n, (B.1)
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where 1
n= Hnjl---jkejl N Nejy
is a k-form and

1
eiln = (= 1)1 - N Nejy

One easily checks that this representation of the gamma matrices satisfies the Clifford
algebra relations {I'g, Ty} = 21,. The parity matrix is defined by T's = iI'\I';'2I'3, and
one finds that the even forms 1,e1o have positive chirality, I'sn = n, while the odd forms
e1, e2 have negative chirality, I'sn = —n, so that A, decomposes into two complex chiral
Weyl representations AF = A" (U @ C) and A = A°(U @ C). Note that Spin(3,1)
is isomorphic to SL(2,C), which acts with the fundamental representation on the positive
chirality Weyl spinors.

Let us define the auxiliary inner product

2 2 2
<Z oziei,Zﬁjej> = Zafﬁl (B.Q)
i=1 j=1 i=1

on U ® C, and then extend it to A.. The Spin(3, 1) invariant Dirac inner product is then
given by
D(n,0) = (Ton,0). (B.3)

The Majorana inner product that we use is'4

A(n,0) = (Cn*,0), (B.4)
with the charge conjugation matrix C = I'15. Using the identities
I = —CIryl,To¢™', 1f=_cr,ct, (B.5)

it is easy to show that (B.4) is Spin(3,1) invariant as well.
The charge conjugation matrix C' acts on the basis elements as

012612, 0612:—1, 061:—62, 062261. (B.6)

In many applications it is convenient to use a basis in which the gamma matrices act
like creation and annihilation operators, given by

(T2 —To)n=v2e2 A,

HQ“H

1
Pin = —= (T2 +To)n = V2esn, Iy
1
V2

The Clifford algebra relations in this basis are {I'g,I'p} = 2nap, where A, B,... =
+,—, e, ® and the nonvanishing components of the tangent space metric read ny_ =n_4 =

2

T1—iT3)n=v2e1An, Ten=-—=T1+il3)n=V2e]n. (B.7)

S

T'en =

141t is known that on even-dimensional manifolds there are two Spin invariant Majorana inner products.
The other possibility, based on C = i['o3, was used in @]
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1 el €9 er \ ey
F+ 0 0 \/5 —\/561
I'_ \/562 —\/561 N ez 0 0
I, V2e; 0 V2e1 A ey 0
T's 0 V2 0 V2es
| 1 el —e9 —e1 N\ e2
I'se 1 —e1 €9 —e1 N\ e2
I'ie 0 0 —2e; 0
T'is 0 0 0 2
I'_e | —2e1 Neg 0 0 0
I' & 0 2e9 0 0

Table 2: The action of the Gamma matrices and the Lorentz generators I' 4 g on the different basis

elements.

Nes = Nse = 1. The spinor 1 is a Clifford vacuum, I';1 = I's1 = 0, and the representation
A, can be constructed by acting on 1 with the creation operators 't = I'_,I'* = I',, so
that any spinor can be written as

2
1 _
n= Z H(ﬁalmakralmakl, a = +, o.
k=0

The action of the Gamma matrices and the Lorentz generators I'4p is summarized in
table P.
Note that 'y = U4°T,, with

1 010
1 —101 0

Upr®) = — ceU4),
0 10 2

so that the new tetrad is given by E4 = (U*)ACLE“.

C. BPS equations and equations of motion

We will now show that the vanishing of the supersymmetry variations, plus Bianchi
identities and Maxwell equations, imply all equations of motion in the timelike case, and
all but one in the null case. Without hypermultiplets, the equations of motion are (here
we set 871G = 1)

e Einstein

1 7 1
0= By = 5 Ry + (Im N F3F~7%, — g,5D,2°D, 2% — 59uVi (C1)
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e Maxwelll®

0= M} := 2V, ((ImN) s ") 430, N B — gg,5k§ D" 2"

— 2
g
9903k D2 = T Copce ALELS: (C.2)

e Scalars
. _ 1 )
0=G:= V,D':s* — gA"V kS + 5 F;,IFJFJ“VQO"YOEWNU

1 _ _ _
i Bl P g0 N1y = 97100V (C:3)

where with V we mean the covariant derivative with respect to the metric connection
on both the spacetime and the target manifold of the scalars. Finally

V = g |k§kg, 527 27 + 4 <g°‘BDaZIDBZJ - 3ZIZJ> B - ﬁJ} (C.4)
is the scalar potential.
We set
ﬁuei = D, (w)e' — gT,SYe; + i

where D, (w) is defined in (2:19). Then, the gravitini Killing equation is

TR LT, (ImN) 1y 27 %e; (C.5)

Dye =0, (C.6)
and its integrability is given by the (holonomy) condition
0= {’DM vﬁu] e = ’DM (’D,,ei> -D, (’DMEZ) . (C.7)
Denoting

F = 0,A, —0,A,,
q)ab = ZJe’C/Q (ImN)IJF—Iab ,
P .— ZJeIC/2(ImN)IJF+Iab ’ (CS)

and making use of (A.1(), we find

0= 7R, Tase' + %F,wel +gFLPyie + gALD, Pryiel — gALD, P ie

_ . _. o . 1 _
~20°T " 80rs€’ +29(8' ;@ — S @p)é! + | =52,/ T
1= 1= 1y 1= . g
5 20Ty~ 5<1>ab<1> ywlab+ §<1>ab<1> Ty — §<I>ab<1>,f‘1“bu €' —gl,0,S¢;
. 1 L L
+97,0,57¢; + Zrabew(vucl>abr,, —~ V@, )ej — igA, L, Se;

g 1 y 1 y
+igA,T,SYe; + ZAMr“bcbabrue”ej - ZAurab@abrue”ej : (C.9)

15We used the Bianchi identities to put the equations in this form.
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Let us now contract this equation with I'#. This leads to
0 =3 Rial’ + %PHFWeZ + gTHEL Pyie 4 AT, Py el
— gALT*0, Pp'e — 69°T,S" 5% se’ + 2gT%(S @ — 5301 )€
— 23, %0, Iy’ — gT",0,5"¢; + 390, SVe; —igA,T"SVe;
+3igA, S ej + (V, B + A, @ )7 (Tey + ee)e; (C.10)

where we used

Fitebpi= =0, (C.11)
FifF/= =0. (C.12)

At this point we need to make contact with the equations of motion. To do this, let us
first take the gaugini Killing equation (multiplied with I'")

0 = — 2627 Dy 2 (Im N) 1 F 1T eyl + TATHD,, 2%
+ gD el/? [eijk:?ZI — 2P1iﬂ552[ga5] ¢, (C.13)
and contract it with /2D, Z LImN) g F ;LK ¢!, This yields
0 =— 28" D 2! Do 2" (I N) 1y (Im N ) e . F M FET
+ PDLZ M Im N g L F5 S TTHD,, 2% e
+ AR DL 2 (I N e B el [egh 21— 2PpDsZ g™ . (C14)
Now add this to eq. (C.1(). Using the relation
R AL VARS —%(Im/\/)_”” —kzlz7 (C.15)
we see that the first term of ([C-14) sums up with the term —2®, *®? Tye® of ([C-10) to give
(Im Ny F F=pme
Some other useful relations are (X! = */227)

PIO = —GICCLJKZKZJ, (016)
X7k9D X! +iPYX' X! =0, (C.17)

and (R.6)), from which one also obtains the important identity
X79N1s = —2iDo X T Ny 7 9,2% . (C.18)

After summing up ([C.10) and ([C.14) and using the above relations we finally find'6

1 -
E Tyl — §XI M}eIT, Tye; = 0. (C.19)

16This calculation involves a rather mastodontic amount of algebraic manipulations, as well as the use of
some further identities of special Kéhler geometry that can be found in [@]
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Imposing the Maxwell equations one remains with the condition
ETye =0. (C.20)

At this point one can proceed in a standard way (see for example [f]). If the Killing spinor
is timelike, then (C.2() implies that the Einstein equations are identically satisfied. In
the other case, if the Killing spinor is null, thus selecting a null direction “+”, then the
equation E, = 0 must be imposed.

In a similar way we can handle the gaugini equations:

1 _ _ . .
0=0\) = —ée’cﬂgam,-YZI(ImN),JF;[)JFAPeijeJ +THDy2%; + gNel . (C.21)

In this case the story is much longer and can be summarized as follows. Let us first apply
the operator I'*D,,(w) (see (R-19)) to (C.21), contracted with 950~ Using (C.3) we get

0—=_ %ruau [e’C/QDBZI(ImN)IJFA_pJFAp] €ije’
— %F“wzbfabe’c/zl)gzl(lmN)IJFIPJFAPEZ‘J‘EJ
+ %P“eK/zDﬁ-ZI(Im N1y J T8 el
_ %e’CFa—bLF—J“bDBZI(ImN)U(ImN)LMZMGi
+ V(95D 2%)ei + 2995, 1Dz Sije!
— %gBaF“bF(;ZI(Im./\/')IJZ‘]e’C/QI‘”DuZQEijEj
+ 9T 0u(Npig)e’ + 49" NgipSler - (€22)

At this point there are many possible manipulations which lead to the desired result.
However, the most complicated task is to recognize the derivatives of the scalar potential

V. To simplify such an effort, it is convenient to express the term V“(gBaD“za) in terms

of G by means of (IC.3).
A faster way is to work out the first term of (C.22) as follows:

1 _ . 1 _ .
— 10, 2D 2" ()1 Py, T ! =179, 52D 2" () 1| By T e
—eM2DgZ (Im N ) 1y V F 71T yeijel . (C.23)
where we used the relation
I‘abc = —iF5eabch‘d, (024)

and the Bianchi identities. Then, we can use (C.J) to rewrite the last term in (C.23) in
terms of M/, so that (C.29) takes the form

1 _ )
95.G € + §e’C/2DBZIM}’eijFVe] +---=0. (C.25)
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Next, all the remaining manipulations are very similar to the gravitino case, and have
the aim to show that the terms indicated by dots vanish identically, so that we will not
report the details here. We only mention that sometimes we found it convenient to use
X1 = L2715 in place of Z! to simplify many expressions. Also, the Killing equations for
k¢ (and its conjugate) are often useful in taking account of the Christoffel symbols for the
covariant derivative on the scalar target manifold. Both ([C.21)) and its charge conjugate
must be used to eliminate many terms.

As we have anticipated, the final result is that ([C.29) reduces to

a 1 7 v )
953G + 5e’WDBZf MYeyT,ed =0 . (C.26)

Thus, if the Maxwell equations hold, the scalar fields satisfy their equations of motion as
well. Note that the results of this appendix could also be obtained by the Killing spinor

identity approach (9, B{].

D. Holonomy of the base manifold

In order to gain a deeper geometrical understanding of the three-dimensional base space
with dreibein V¥, some considerations concerning its holonomy are in order. First of all,
note that in minimal ungauged N = 2, D = 4 supergravity, the base is flat [BJ] and thus
has trivial holonomy. This is still true if one couples the theory to vector multiplets [H].
In five-dimensional minimal ungauged supergravity, the base manifold is hyper-Kéhler [g],
whereas in the gauged case it is Kahler [§]. Thus, the general pattern in the timelike case
is to have a fibration over a base with reduced holonomy. One might therefore ask whether
our three-dimensional manifold with metric

ds3 = dz* + **dwdw (D.1)

appearing in ([.53), has reduced holonomy. Egs. (.33) and ([.3§) suggest that the Christof-
fel connection A+ B (cf. (33)) has full holonomy SO(3). In fact, the only nontrivial sub-

group of SO(3) is U(1), and integrating the first Cartan structure equation for a Christoffel
connection taking values in u(1), one finds the metric (D.1)) with 9,® = 0, which in general
will not be the case. From ([£39), however, it is evident that the connection A (which
has nonvanishing torsion, cf. (.29)), takes values in u(1) C so(3). The same holds for the
corresponding curvature. We can thus interpret the base space as a manifold of reduced
holonomy U(1) € SO(3) with nonzero torsion. Reduced holonomy is equivalent to the ex-
istence of parallel tensors, the simplest example being the reduction of GL(D,R) to SO(D)
if the metric is covariantly constant, Vg = 0. In our case, the corresponding parallel tensor
is just the vector 0,: One easily checks that VO, = 0, where V denotes the covariant
derivative associated to .A.

This is, to the best of our knowledge, the first example of a supersymmetric background
that leads to a base space of reduced holonomy for a non-Christoffel connection. Note also
that the torsion of this connection is due to the gauging, and not related to the presence
of vector multiplets. This is evident from (4.33), which yields vanishing torsion in the
ungauged case g = 0.
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